This statistical form of the classical limit of scattering is found to give exactly the same "classical S-matrix" for the case of potential In tHo 1 2 recent papers ' we have dealt with the classicallimit eigenvalue relation for general non-separable dynamical systems.
A particularly interesting feature of this study of between the bound-state problem is the co rres pon den ce;\a dynamical form of the quantum condition and a statistical form.
The dynamical ·version involves an action integral along a particular classical trajectory (the periodic trajectory of the system corresponding to a given energy E), whereas the statistical version is expressed in terms of a phase space integral (the volume of phase space with energy less than or equal to th~ given value E). The practical importance of this correspondence between statistical and dynamical approaches lies in the fact that statistical methods are generally much easier to apply than dynamics.
Analogous to these treatments of bound-state problems we explore in this present paper the relation between dynamical and statistical approaches to the classical limit of scattering for a general non-separable system. Thus it has previously been shown 3 how one can use exact classical trajectories for a general collision system to construct the classical-limit of the quantum mechanical S-matrix (the "classical S-matrix") for the scattering processes.
Corresponding to this dynamical prescription for obtaining the classical S-matrix, therefore, we wish to find the statistical procedure (i.e., one based on phase space integrals)
which is related to it.
. . .
'.
In order to usc a formalism developed f6r bound-state problems, one can always convert a ~cittering problem into a bound-state one by some variation of "box normalization". function of the eigenvalue function E(n)] for the "potential ( 2) well" formed by the actual potential V(r) with an impen·etrable barrier imposed at r=R; Eq.(2) is the well-known Bohr-Sommerfeld quantum condition for this box-normalized potential. Similarly, n (E), the quantum number function for ihe potential well with
'
V(r) replaced by 0, is defined by the relation in Eq. (2) with . k(r) replaced by k. Eq.(l) for the phase shift is thus written in terms of these quantum number functions as In what follows we shall simply extract the results of the general theory which are required for our purposes.
The S-matrix for potential scattering (a one-dimensional matrix in this case) is given in terms of the Fredholm determinant
. 1
, E being the collision energy; since
one sees that S is a complex number of unit modulus. The Fredholm determinant is in turn given by formal expression
where H = H +V is the Hamiltonian operator for the system, and 0 V is the scattering interaction. By the determinant of an operator A one means the determinant of its matrix representation in some complete set of states:
To evaluate the determinant of an operator, it is convenient to employ the identity
where tr(inA) means the trace of the operator in A; i.e., tr(1nA) = r <il.tnAii>,
i .I
(10) 
( 13a)
the domain of integration is, as indicated, all of phase space.
The integral over momentum can be carried out by elementary 7 methods, and one obtains 00 f dp .
-00 (14) 1 1 
r being the classical turning point; i.e., e is real, and n is 0 the WKB phase shift.
With the Fredholm determinant given by Eq.(l6), Eq.(l4) then gives the S-matrix as (17) This is the usual result which is also obtained by a strictly dynamical approach.
Before concluding this discussion. of potential scattering, it is useful to note a few details of the replacement of k by -kin applying Eq.(4) to the phase integral in Eqs.(lS) and (16) .
In classically allowed regions (r>r ) one has
when k is replaced by -k; in classically forbidden regions (r<r ) , however, one has 0 -ik(r) = lk(r) I + lk(r) I = -ik(r). 8 With regard to k + -k, therefore, the real (imagin~ry) part of k(r) is considered to be an odd (even) function of k. The Fredholm determinant is still given formally by Eq. (6) but one must now consider it to be an independent function (sign-wise at least) of all the charinel momenta; i.e.,
where the asymptotic momentum (in units of n) for channel i is
E being the (fixed) total energy nnd £i the internal energy of internal .state i. The channel momenta {k.} are all related to ~ one another through their definition in Eq.(l9), and the only sense in which they are considered independent in Eq.(l8) is that one needs to change the sign of some of them and not to change the sign of others.
The S-matrix is given in terms of the Fredholm determinant of Eq. (18) by
where if. j, and . dq I dn n 0 dr -M dp [R.n(E-H) -
where the normalization factor is h-2 since there are two degrees of freedom.
Since an integral over all phase space is . .
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10 independent of the particular canonical variables one uses to carry out the integral, in Eq. (22) we have chosen the usual translational coordinate and momentum (r,p) for the translational degre~ of freedom, but have used the action-angle variables (hn,q) for the internal degree of freedom.
The factor n has been included explicitly in the definition of the action variable, so that the quantity n is dimensionless ~nd is the classical . equivalent of the quantum number of the internal degree of freedom.
In terms of these canonical variables the Hamiltonian functions are
where E(n) is the eigenvalue function for the isolated internal degree of freedom, and V is the scattering interaction.
Just as in the case of potential scattering, the integral over the translational momentum can be carried out by elementary means, and upon doing this Eq. (22) 
Classically, of course, n is a continuous variable, whereas ( 2 3) quantum mechanically it is quantized. To make the appropriate identification with the discrete internal states,.therefore, we ... [£~r k(r,q,n) ( 2 6) T)(k ) is an odd function of k and is seen to be the WKB phase n n shift for the frozen internal degree of freedom (i.e., fixed n and q), which is then averaged over the angle variable q. (28a)
'-~ so that the S-mntr.ix clements of Eq. (20) 
IV. DISCUSSION
The short-comings of this statistical version of the classicallimit of inelastic scattering are probably most directly related to the asymptotic degeneracy that is inherent in a multi-channel scattering system. Thus in establishing the correspondence between statistical and dynamical quantum conditions 2 it was essential that there was only one periodic trajectory of the system for a given energy. If other periodic trajectories existed, they had to be related to some constant of the motion (such as total angular momentum) or a discrete symmetry of the system and explicitly removed; the eigenvalue problem could then be considered separately for each value of the conserved quantity or discrete symmetry, there then being only one periodic trajectory of the system at the given energy for that particular subspace. ... Hhen the system is enclosed in a finite box, these N degenerate s~ates are split--only in the limit of an infinite box does the degeneracy appear.
Furthermore, this degeneracy is not related to any constant of motion or discrete symmetry--rather it is associated with constants of the motion of the unperturbed Hamiltonian to and from which the system evolves asymptotically.
Corresponding to this quantum degeneracy, there is thus more than one "periodic" classical trajectory for the system at a given energy.
[Periodicity comes about here only artificially by reflection from the walls of the large "box"; the appropriate trajectories are actually the aperiodic scattering trajectories.]
Similarly, these several "periodic" trajectories cannot be classified according to any discrete or continuous symmetry of the system; i.e., there is no way to decompose (or factor) the dynamical problem so that there is only one "periodic" trajectory per energy per subspace. As noted above, this difficulty is directly related to the asymptotic degeneracy that is an intrinsic feature of scattering systems with internal degrees of_freedom; for in a bound state situation degeneracies can I ..
always be related to some symmetry of the system and thus explicitly removed (i.e., there are no accidental degeneracies).
One might imagine classifying the various "periodic" • ... ··'
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